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Abstract: L’Hopital’s Rule is a powerful method in calculus used to evaluate
limits that result in indeterminate forms such as 0/0 or «o/co. This article provides a
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In calculus, the evaluation of limits is fundamental for understanding the behavior
of functions as they approach specific values. However, in many cases, direct
substitution into a limit yields indeterminate forms such as 0/0 or oo/o0. To resolve
these, L’Hopital’s Rule offers a systematic approach that utilizes derivatives to
simplify and compute the limit.

First introduced by the French mathematician Guillaume de 1’Hopital in the 17th
century, the rule remains one of the most effective techniques for handling
indeterminate expressions in calculus.

This paper introduces L’Hopital’s Rule, explains its theoretical foundation, and
demonstrates its practical application in solving various types of limits.

The research approach includes:

« Presenting the formal statement and proof idea of L’Hopital’s Rule.

« Classifying indeterminate forms where the rule is applicable.

« Applying the rule to selected examples of increasing difficulty.

« Discussing the rule’s limitations and alternative strategies where applicable.

Statement of L Hopital’s Rule

Let f(X)f(X)f(x) and g(x)g(x)g(x) be functions that are differentiable near a point
aaa, and suppose:

lim/0ix—af(x)g(x)=000rocco\lim_{x \to a} \frac{f(x)}{g(x)} = \frac{0}{0} \quad
\text{or} \quad \frac{\infty }{\infty }x—alimg(x)f(x)=000rooc0

Then:

lim/0ix—af(x)g(x)=lim/oix—af'(x)g')\lim_{x \to a} \frac{f(x)}{g(x)} = \lim_{x
\to a} \frac{f'(x) H{g'(X) }x—alimg(x)f(x)=x—alimg’(x)f'(x)

provided that the limit on the right-hand side exists or is infinite.
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The rule may be applied repeatedly if the result remains in an indeterminate form.

Common Indeterminate Forms

L’Hopital’s Rule primarily applies to:

« 00\frac{0}{0}00

« oooo\frac{\infty }{\infty }coco

Other indeterminate forms such as 0-000 \cdot \infty0-oo, co—oo\infty - \inftyco—co,
0007000, oo0\infty0000, and 1ool1Minftyloo must be transformed algebraically before
applying L’Hopital’s Rule.

Examples

Example 1 (0/0 form):

lim{/0ix—0sin{/oxx\lim_{x \to 0} \frac{\sin x}{x}x—0limxsinx

Direct substitution gives 0/0.

Apply L’Hopital’s Rule:

lim{/0ix—0cosi/ox 1=1\lim_{x \to 0} \frac{\cos x}{1} = 1x—0limlcosx=1

Example 2 (/o0 form):

lim{/0ix—ooxex\lim_{x \to \infty} \frac{x}{e"x}x—olimexx

Both numerator and denominator tend to infinity.

Apply L’Hopital’s Rule:

lim{/0ix—oolex=0\lim_{x \to \infty} \frac{1}{e”x} = Ox—oolimex1=0

Example 3 (Repeated Rule):

lim{/ox—01—cosi/oxx2\lim_{x \to 0} \frac{1 - \cos x}{x"*2}x—0limx21—cosx

Initial form: 0/0. First derivatives:

\frac{\sin x}{2x} \] — still 0/0 — apply again: \[ \lim_{x \to 0} \frac{\cos x}{2}
= \frac{1}{2}

L Hopital’s Rule is especially useful in resolving complex limits involving
logarithmic, exponential, or trigonometric functions. It simplifies calculations and often
eliminates the need for advanced algebraic manipulation.

However, the rule is only applicable under strict conditions:

o The original limit must be of the form 0/0 or co/c0.

« Both f(X)f(x)f(x) and g(x)g(x)g(x) must be differentiable near the point in
question.

« The derivative of the denominator g'(x)g'(x)g’(X) must not be zero near the point.

Important: L’Hopital’s Rule cannot be applied indiscriminately. For example, in:

lim{/ox—0-+xIni/oix\lim_{x \to 07+} x \In xx—0+limxInx

This is of the form 0-(—)0 \cdot (-\infty)0:(—x). To apply L’Hopital’s Rule,
rewrite it as:

Inifoix/(1/x)\In X / (1/X)Inx/(1/x)

Now we have (—oo)/co(-\infty)\infty(—o)/00 = apply the rule:

(1/x)/(—1/x2)=—x—0(1/x) / (-1/x"2) = -x \to 0(1/x)/(—1/x2)=—x—0

Hence, the limit is 0.
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L’Hopital’s Rule is a powerful and elegant method for evaluating limits involving
indeterminate forms. By transforming these expressions into ratios of derivatives, it
simplifies the limit evaluation process in a variety of contexts.

This article presented the theoretical foundation, application techniques, and
limitations of the rule, along with examples illustrating its practical use. Mastery of
L’Hopital’s Rule enhances one’s ability to analyze asymptotic behavior in
mathematical modeling and applied sciences.
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