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Abstract: This paper explores various methods of integration, focusing on the
integration of simple and rational functions. These techniques form the foundation of
integral calculus and are essential for solving problems in mathematics, physics, and
engineering. The article discusses basic integration rules, substitution, and partial
fraction decomposition, and provides examples demonstrating the practical application
of these methods in evaluating definite and indefinite integrals.
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Integration is a fundamental concept in calculus that involves finding the
antiderivative of a function or calculating the area under a curve. While some functions
are straightforward to integrate, others require more advanced techniques. This article
focuses on two important categories: simple functions (such as polynomials,
exponentials, and trigonometric functions) and rational functions (ratios of
polynomials).

These functions often appear in real-world applications — in calculating work
done by a force, evaluating economic models, or solving differential equations. Mastery
of integration techniques enhances problem-solving abilities and mathematical
modeling skills.

The methodology includes:
« Reviewing basic integration rules for elementary functions.
« Using substitution (u-substitution) for composite functions.
« Applying partial fraction decomposition to rational functions.
« Providing examples for each method to show how the techniques are applied in
practice.
Integration of Simple Functions
The most fundamental integration formulas include:
« Power Rule:
Jxndx=xn+1n+1+C(n#D\int x*n dx = \frac{x*{n+1}}{n+1} + C \quad (n \neq
-1)Ixndx=n+1xn+1+C(n(1=—1)
« Exponential Functions:
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lexdx=ex+C;Jaxdx=axIni/ola+C\int e"x dx = e”x + C \quad ; \quad \int a"x dx =
\frac{fa"x}{\In a} + Clexdx=ex+C;Jaxdx=Inaax+C
« Trigonometric Functions:
[sinifoixdx=—cosi/ox+C:Jcos /oixdx=sini/ox-+C\int \sin x dx = -\cos x + C \quad ;
\quad \int \cos x dx = \sin x + Clsinxdx=—cosx+C:Jcosxdx=sinx+C
« Logarithmic Integral:
J1xdx=In{70}|x|+C\int \frac{1}{x} dx =\In|x| + C/x1dx=In|x|+C
These rules allow for the integration of most elementary functions directly.
Substitution Method
Substitution is used when the integrand contains a composite function.

Example:
J(2x)cosifoi(x2)dx\int (2x) \cos(x*2) dxJ(2x)cos(x2)dx
Let u=x2=du=2xdxu = x"2 \Rightarrow du = 2x dxu=x2=du=2xdx.

Then the integral becomes:

Icos[/:’é](u)du=sin[i’<}](u)+C=sin[f(}](x2)+C\int \cos(u) du = \sin(u) + C = \sin(x"2) +
Clcos(u)du=sin(u)+C=sin(x2)+C

This method simplifies complicated expressions by changing variables to more
manageable forms.

Integration of Rational Functions

A rational function is a quotient of two polynomials:

f(x)=P(x)Q(X)f(x) = \frac{P(x) HQ(X)}(x)=Q(x)P(x)

To integrate such functions:

1. If improper, perform polynomial division.

2. Decompose the proper rational function into partial fractions.

3. Integrate each term individually.

Example:

J1x2—1dx=J(12(x—1)—12(x+1))dx\int \frac{1}{x"2 - 1} dx = \int \left(\frac{1}{2(x - 1)}
- \frac{1}{2(x + 1)}right) dx/x2—11dx=[(2(x—1)1-2(x+1)1)dx

Result:

12Ini/0ilx—11—121In{/0[x+1]+C\frac{1}{2} \Injx - 1| - \frac{1}{2} \Injx + 1| + C21
In|x—1[-21In|x+1]+C

Partial fraction decomposition is especially powerful for rational expressions with
quadratic or repeated factors.

The methods discussed — direct integration, substitution, and partial fractions —
are widely applicable and form the basis for more advanced techniques like integration
by parts, trigonometric substitution, and numerical integration.

« In physics, integrals of rational functions appear in problems involving motion,

energy, and electric circuits.
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. Ineconomics, integration is used to find total cost or total revenue from marginal

functions.
. In engineering, integrals are used in signal processing, fluid dynamics, and
structural analysis.
Each method allows us to approach integration problems systematically, reducing
complexity and improving accuracy.

This paper presented essential integration methods for simple and rational
functions, including direct integration, substitution, and partial fractions. These
techniques are fundamental tools in the broader scope of integral calculus and are
crucial for solving real-world problems in science and engineering.

Future studies may explore integration techniques for irrational, trigonometric,
and transcendental functions, as well as numerical integration approaches for functions
that lack elementary antiderivatives.
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