
 

INTEGRATION OF EDUCATION AND SCIENCE: 

GLOBAL CHALLENGES AND SOLUTIONS 

Volume 01, Issue 02, 2025 
 

 

 

 378 
worldconferences.us 

MONOTONICITY AND EXTREMA OF FUNCTIONS 

 

Boboqulova Durdona Sanjar qizi 

First-year student of the Mathematics Department, 

Faculty of Pedagogy, Shahrisabz State Pedagogical Institute 

 

Abstract: This paper explores the mathematical concepts of monotonicity and 

extrema of real-valued functions. These characteristics play a crucial role in the study 

of calculus, optimization, and mathematical modeling. The article introduces formal 

definitions, analytical tools such as derivatives to determine increasing or decreasing 

behavior, and conditions for identifying local and global extrema. Practical applications 

in economics, physics, and engineering are also discussed. 
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In mathematical analysis, understanding the behavior of functions is essential for 

both theoretical and applied purposes. Two fundamental aspects of this behavior are 

monotonicity — whether a function is increasing or decreasing — and extrema, the 

points at which a function reaches maximum or minimum values. 

These properties are used to study the shape of graphs, solve optimization 

problems, and understand the stability of systems. For example, in economics, finding 

the maximum profit or minimum cost relies on locating extrema. In physics, they help 

analyze motion and energy states. 

This paper aims to define monotonicity and extrema rigorously, explain how to 

find them using derivatives, and demonstrate their significance in various applications. 

The study uses: 

 Calculus tools, particularly the first and second derivatives. 

 Critical point analysis to identify local extrema. 

 The first derivative test to determine monotonicity. 

 The second derivative test to confirm the nature of critical points. 

 Examples illustrating theoretical results with real functions. 

Monotonicity of Functions 

A function f(x)f(x)f(x) is said to be: 

 Increasing on an interval if f(x1)<f(x2)f(x_1) < f(x_2)f(x1)<f(x2) 

whenever x1<x2x_1 < x_2x1<x2. 

 Decreasing on an interval if f(x1)>f(x2)f(x_1) > f(x_2)f(x1)>f(x2) 

whenever x1<x2x_1 < x_2x1<x2. 

The derivative provides a convenient way to determine monotonicity: 

 If f′(x)>0f'(x) > 0f′(x)>0 on an interval, then f(x)f(x)f(x) is increasing. 

 If f′(x)<0f'(x) < 0f′(x)<0 on an interval, then f(x)f(x)f(x) is decreasing. 
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 If f′(x)=0f'(x) = 0f′(x)=0, the function may have an extremum or an 

inflection point. 

Critical Points and Extrema 

A critical point occurs at a value of xxx where: 

f′(x)=0orf′(x) is undefined.f'(x) = 0 \quad \text{or} \quad f'(x) \text{ is 

undefined}.f′(x)=0orf′(x) is undefined.  

These points are candidates for local maxima or local minima. 

 A function has a local maximum at x=ax = ax=a if f(a)≥f(x)f(a) \geq 

f(x)f(a)≥f(x) for all xxx near aaa. 

 A function has a local minimum at x=ax = ax=a if f(a)≤f(x)f(a) \leq 

f(x)f(a)≤f(x) for all xxx near aaa. 

First Derivative Test 

To classify critical points: 

 If f′(x)f'(x)f′(x) changes from positive to negative at x=ax = ax=a, then 

f(a)f(a)f(a) is a local maximum. 

 If f′(x)f'(x)f′(x) changes from negative to positive, then f(a)f(a)f(a) is a 

local minimum. 

3.4. Second Derivative Test 

If f′′(a)f''(a)f′′(a) exists: 

 If f′′(a)>0f''(a) > 0f′′(a)>0, then f(a)f(a)f(a) is a local minimum. 

 If f′′(a)<0f''(a) < 0f′′(a)<0, then f(a)f(a)f(a) is a local maximum. 

 If f′′(a)=0f''(a) = 0f′′(a)=0, the test is inconclusive. 

Understanding monotonicity and extrema is crucial in many fields: 

 In optimization: Businesses use extrema to find the price or production 

level that maximizes profit or minimizes cost. 

 In physics: The position of a particle at maximum or minimum potential 

energy helps predict equilibrium states. 

 In engineering: System performance functions are often optimized based 

on monotonic behavior and extrema. 

Example: Let f(x)=x3−3x2+2f(x) = x^3 - 3x^2 + 2f(x)=x3−3x2+2. Then: 

f′(x)=3x2−6x=3x(x−2)f'(x) = 3x^2 - 6x = 3x(x - 2)f′(x)=3x2−6x=3x(x−2)  

 f′(x)=0f'(x) = 0f′(x)=0 at x=0x = 0x=0 and x=2x = 2x=2. 

 First derivative changes sign from negative to positive at x=0x = 0x=0 ⇒ 

local minimum. 

 Changes from positive to negative at x=2x = 2x=2 ⇒ local maximum. 

Monotonicity and extrema are fundamental characteristics in analyzing the 

behavior of functions. Derivatives offer powerful tools for identifying these properties, 

allowing us to understand growth, decline, and turning points in a function's graph. 

This article presented the theoretical foundation for determining monotonicity and 

extrema, along with practical methods such as the first and second derivative tests. 
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These tools are indispensable in mathematical modeling, decision-making, and 

scientific analysis. 
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